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1 Introduction

The constructed, fully quantum mechanical realizations of relativistic quantum physics [10,
11, 12, 13] exhibit bound states of the elementary particles. In these realizations, interaction
is expressed in the vacuum expectation values (VEV) of fields but not in the Hamiltonians.
Appropriate states evolve in correspondence with classical physics descriptions, but canonical
quantization’s correspondence of densely defined Hermitian operators with classical dynamical
variables is only approximated. The constructed Hamiltonians satisfy the requirements of rel-
ativity but have only continuous spectra. As a consequence, description of quantized bound
states is an evident question for these constructions. This note demonstrates that the con-
structed realizations of relativistic quantum physics include bound states. There are multiple
argument state describing functions with centers-of-momentum described as free particles and
with localized descriptions for internals. In a selected reference frame, the internals evolve pe-
riodically with time like eigenfunctions of a Hamiltonian. These bound states correspond with
classical descriptions of composite particles, similarly to the correspondence of the constructed
elementary particles with classically described particles [10].

If a classical correspondence applies, then a bound state consists of two identifiable bod-
ies stably coupled together by an attractive potential. More generally, a quantum mechanical
bound state consists of a description for the center-of-momentum as a free particle plus a lo-
calized description for the internals. Linear combinations of eigenfunctions from eigenspaces
within the continuous spectrum of a Hermitian Hilbert space operator describe bound states.
This contrasts with nonrelativistic quantum mechanics that describes bound states as eigen-
functions from the discrete spectra of selected Hamiltonian operators. In both instances, the
descriptions of internals have localized support. In the constructions, a description of a bound
state follows for every: continuous, bounded, absolutely summable (£!) function over two mo-
menta; and rest mass m;, < 2m. Descriptions of nature are included within the constructions,
but are not determined by them.

The constructions [10] describe the evolution of Poincaré invariant likelihoods. These likeli-
hoods include the relative frequency of observing states corresponding to classical descriptions.
In the constructions, only states with evident classical correspondences, those with localized
and isolated support, are interpreted as corresponding to classical particles. Other consid-
erations, beyond the general physical requirements captured in axioms A.1-7 [10], determine
the classical correspondences. Analogously to the many distinct possibilities for bound states
within £2 Hilbert space in nonrelativistic quantum mechanics, the Hilbert spaces Hp include
many descriptions of bound states. While scattering amplitudes are determined by the con-
structed VEV, significiant freedom remains to specify other classical correspondences. These
classical correspondences include the finite period transition amplitudes for particle-like states,
and bound states. It is anticipated that this dynamical discriminant corresponds with selection
of classically described interactions. In nonrelativistic quantum mechanics, particular bound
states follow from a choice of Hamiltonian and other classical correspondences are similarly
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determined [5, 15]. However, the correspondence of construction and classical Hamiltonian is
obscured by the exhibition of multiple, distinct classical correspondences in the differing dy-
namical regimes of one construction: the effective potential for scattering amplitudes is short
range and nuclear-like while the evolution of particle-like states includes long range, gravity-like
forces. The development in this note establishes the existence of bound states in RQP, but like
other classical correspondences, additional considerations identify the particular descriptions of
nature.

2 Preliminaries

One example construction from [10] is applied to the demonstration. This selected construction
has:

1. one neutral elementary particle of finite mass m
2. the VEV (5) of a single, scalar quantum field

3. bound states of two elementary particles described by functions with point support in
time (1) in the two-argument subspace of Hp.

Here, bound states of two elementary particles are described by functions over two spacetime
arguments with point support in time. These functions ¢s.1 over energy-momenta p1, po derive
from functions f5.go over momenta p1, p2,

@2(p1,p2) = (p1o + w1) (P20 + w2) f2(P1, P2) )
Ua(pr,p2) = (P10 + wi) (P20 + w2)G2(P1, P2)-

This description is in the Fourier transform domain representation in the two-argument subspace
of the constructed Hilbert space Hp from [10]. @2(p1,p2) € Hp if fo € S(RY), a tempered
function. The arguments of B2(p1,p2) are wavenumbers p, € R* v = 1,2. The wavenumber
w = w(p) is proportional to an energy on the mass m shell.

w; = w(pj) @)
= /A F pjz
with "
)\c = % (3)

the reduced Compton wavelength for the finite mass m in the construction of the single, neutral
scalar field ®(z;). Spacetime vectors = := (9, x) with zy = ct and spatial vectors x := z,y, 2 €
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R3 are lengths, energy-momenta are designated p := (pg, p) with p = p, Dy, Dz € R3, momentum
vectors P = hp and h is Planck’s constant h divided by 27. c¢ is the speed of light. Energies
are F := hcpo. Multiple arguments are denoted (p),, := p1,p2, ... pn. Functions f,((z)y) in the
basis function spaces P underlying Hp have Fourier transforms. fn((p)n) denotes the Fourier
transform of f,,((z),) with the four dimensional spacetime Fourier transform adopted here and
in [10] the evident multiple argument extension of

00) = [ G ) (@
with the Lorentz invariants px := pgct — p - x and spacetime volume element dx := dxgdx with
dx = dxdydz. Whether x designates a Cartesian spatial component of x or a spacetime Lorentz
vector is resolved by context. The inverse Fourier transforms of functions over energy-momenta
describe the spacetime support of states.

The construction of interest has a single species of mass m neutral scalar elementary particle
corresponding with a single scalar field ®(x). The cluster expansion of the four-point VEV
VNV272((p)4) displays the VEV as the sum of a free field contribution © W272((p)4) and a connected
contribution CW272((p)4). The connected contribution introduces interaction. In this scalar
field case of interest, the nonzero four-point VEV are

(®(p2) @ (p1) Q2 D(p3) P (pa)Q) = " Waa((0)1) + “Wa2((p)a) (5)
with
N 4
Waa((p)a) = cad(pr+pa+ps+ps) [[6(? -
=1
4
FWaa((p)a) = (8(p1 + ps)3(pa + pa) + 8(p1 + pa)d(p2 +ps)) [[5(p
7j=3
and
52— AZ%) = 5(10;;; wi) | 5(1713; wj)

The support of the VEV is limited to mass m shells and the zeros of functions @s, s € Hp
limit the support of states to positive energy mass shells. For functions (1) from P(RR%),

5(pF — A 2)3(p3 — A2 %) @2(p1, p2) = (10 — w1)d(p20 — w2) f2(P1, P2) (6)

from (pjo + w;) d(pjo — wj) = 2w;d(pjo — w;) and (pjo + wj) 6(pjo + w;) = 0. Similarly,

5(pT — AHS(3 — A 2) @3 (p1,p2) = 6(p1o + wi)d(p2o + w2)f (—p2, —p1)
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given the *-dual sequence ¢* € S,

ai((p)n) = E(_pna--- — 1), (7)

in this scalar field case. The x-dual includes an argument order reversal, argument reflections
and Z denotes the complex conjugate of z € C. For the single, scalar field construction of
interest below, the unitary temporal translation operator is

UN@2((p)2) = e Poatro2gy((p)s)

. (8)
= e~ iW1Fw2A Gy ((p)s)

in the Fourier transform domain representation of functions in the two-argument subspace of
Hp. From (2), w; designates w(p;). w(p;) is the Hamiltonian for each argument p; in this
construction with a single mass m elementary particle. From (4), the temporal translation of
the description of state, the function, is that a translation of the function by —A corresponds
to a translation of the fields by A.

For the VEV (5), the scalar product of two, two-argument functions is denoted

(p2lth2) = EWaa (03 ¥2) + “Waa(0s12) 9)

with connected and free field VEV contributions (5). For functions (1), the Fourier transform
of generalized functions as Parseval’s equality and the dual function (7) provide that

4 —
“Waalehiha) = 04/d(p)4 3(p1+p2—ps—pa) [ [6(pjo — wj) f2(P1,P2) G2(Ps, Pa)
i=1
EWa 2 (05 12) /d d(p1—p3)6(p2—pa) + d(p1—pa)d(p2—p3))
4 -
chS(pjo—wj) dwiwa fo(P1,P2) G2(P3; P4)-
j=3

This evaluation of the scalar product results after substitution of (5), reflection of py, pa, appli-
cation of the signed symmetry of the VEV, substitutions for the mass shell Dirac delta functions
(5(p§ — A ?) and factors (pjo + w;) from (6), and with the indicated substitutions from (1). In
appendix 4.1, the generalized functions in this scalar product (9) are evaluated and produce

the Lebesgue summation,

w =
, Prcas Fo(P1,P2)G2 (D3, Pa) (10)

“Wa (s ) = 04/d( )2 sin ¢df3d¢s

2wy

for the connected VEV contribution. The values of py and p3 are determined by energy-
momentum conservation for the on-mass shell Lorentz vectors p;, j = 1,2, 3,4, and the primed
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and hat coordinates are defined in appendix 4.1. The Euclidean norms of momentum vectors
are designated

p3:=p; :=Dp, pj (11)
The @; designates w(p;) determined by the constrained momenta p; from (51) in appendix 4.1.
p1 = [Pl and wi = w(p}) with
Py = Apr.
A is a (p1+p2)-dependent Lorentz transformation provided in (46) and (47) of appendix 4.1.
The free field contribution to the scalar product also results in a Lebesgue summation

Yy (5 ha) = / d(p)2 4wz Fa(p1, p2) (G2(p1, P2) + G2(p2, P1)). (12)

3 Bound states

The description of bound states in the two-argument subspace of Hp develops appropri-
ately supported and temporally evolving functions. The temporal evolution of the center-
of-momentum of the bound complex is described as a free particle of mass my < 2m, and the
temporal evolution of the internals is described as if it were an energy eigenfunction with eigen-
value E. The Hamiltonian for evolution of the combined description of the center-of~-momentum
and internals of the bound state is (8), and this evolution will be assumed to be equivalent to
a description of the center-of-momentum as a free particle with a periodic evolution of the in-
ternals in a selected reference frame. The description of the internals is required to be spatially
localized. A demonstration of this equivalence provides that the support of the description of
the center-of-momentum will spread with time consistently with the Heisenberg uncertainty
principle. The support of the description of the bound state remains localized over time.

In this section, it is established that bound states exist in the constructed realizations of
RQP.

3.1 Relativistic description of bound states

In this study limited to the two-argument subspace of Hp, bound states are described by
functions @a(p1, p2) of the form (1) with

fo(P1,P2) := hi(p1 + P2) U2(P1, P2)- (13)

The internals of the bound state are described by the function u2(p1,p2) and l~11(p1 + p2)
independently describes the center-of-momentum of the bound complex. With relativity, the
evolution of the internal description of a bound state is coupled to the center-of~-momentum
description by the Hamiltonian H = w; + we. This Hamiltonian H does not decompose as a
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sum of functions over p; 4+ ps and p; — ps. In nonrelativistic approximation, this decoupling
occurs,

A
w1 + wa %2)\51+5(P%+P%)

— oA+ 2 (py o)t 2

4 4

if p? and p3 < A, 2. In a classical description when relativity is considered, Lorentz-Fitzgerald

contraction of body locations varies with the velocity of the center-of-momentum. Thus, fg
includes uy(p1, p2) rather than a function solely over p; —po.

The goal now is to identify functions o with localized spatial support. The centers-of-
momentum are described by hi. This description for a bound state is expressed using the time
translation operator (8) by associating factors with commuting operators and requiring equality
of the two state evolution descriptions. A function %y describes the internals of a bound state
if for every multiplier function h; and all A > 0,

(p1 — p2)?

U(N)hi(p1 + p2) t2(P1.P2) = (e_iwb(p1+p2)’\ hi(p1 + p2)) (e7"FX dia(p1, p2))
— e~ i(wp(P1t+P2)+E)A 7L1(p1 + p2) @2(p1, P2)

wp(p) == \/ A, * + p? (15)

Ap = —,
mpyC

(14)
with

similarly to (2) but with

the reduced Compton wavelength (3) for the bound state mass m; < 2m. The energy F
is associated with temporal evolution of the internals in the bound state. The free particle
Hamiltonian wy describes the evolution of the description of the center-of-momentum, hi. The
evolution of an energy eigenfunction, e*#*, describes the evolution of @,. These time translation
operators mutually commute and commute with functions in the Fourier transform domain. A
consequence of cluster decomposition A.6 [10], this description for a bound state applies when
the support of fo in (13) is isolated.

From appendix 4.4, a correspondence with classical particles provides that if the bound
state consists of two elementary particles of mass m, then the rest mass of the bound state is
0 < myp < 2m. The minimal energy that must be added to the bound state to produce two
unbound elementary particles is identified as the binding energy. This binding energy is the
difference of the rest mass energy of two free particles and the bound complex: binding energy
= 2mc? — mpc® > 0. my < 2m provides that

A<t (16)
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from (3) and (15), and then A. < 2)p. Identifying E as the binding energy sets
E=2\1 -\, (17)
the binding energy in wavenumber units.

22 =N = (2m —my) %

From (14), a locally supported function u2(p1, p2) describes a bound state if
17 (A)p2) — feHr(PripD s gy —

that due to the unitarity of U()) is equivalent to

IUB®2) — |2} ]| = 0. (18)

The equivalence (18) is in the Hilbert space Hp norm with (2(p1,p2) described by (1) and
f2(p1,p2) described by (13). The operator

Usp =Up(\p1,pP2, E)
— ei(wp(P1+P2)+E) A U
— twp(P1+pP2)+E—wi—wz) A
— o—iHpA
after substitution of U(A) from (8) and with wy(p) from (15). Noting that Up is a function of
p1+p2 and wj +ws, conservation of energy-momentum, w; +ws = w3+wy and p1+p2 = p3+Pp4,

provides that U}, = Ug = UBTI using the scalar product (9). Up is unitary. The generator for
Up is defined by (19) as

Hp = Hg(pi,p2, E)

=wi +ws —wp(p1+p2) — F

(20)

using (2) and (15).
The descriptions (1) of two particle bound states with functions

f2(P1,pP2)
from (13) satisfy

B.1 the center-of-momentum evolves as a free particle and the internal description remains
bound over time: (18) is satisfied for any A
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B.2 the spatial support of the bound state, the support of the Fourier transform of the function
U2 in (13), is localized for all A

B.3 @9 is approximated arbitrarily well by elements within Hp.

A demonstration of B.1-3 establishes that bound states are included in the constructed realiza-
tions of relativistic quantum physics. Localized includes essentially localized: the descriptions
of the constructed states [10, 11] are anti-local functions [19]. B.3 encompases generalized
eigenfunctions similarly to eigenfunctions of momentum and location.

Satisfaction of the equality of time evolutions (18) is implied if

(p2|UBp2) = (p2lp2). (21)

Then, a convenient, sufficient condition to satisfy (18) is the eigenvalue problem

U @2(p1,p2) = P2(p1,p2)- (22)

Satisfaction of (18) derives from (22) and the unitarity of Up.

(Upp2|Uppa) = (p2|p2),

and
0 = 2(P2l@a) — 2(P2|P2))

= (Up@2|UpP2) + (P2|@2) — (£2|UBP2) — (UpP2|p2)
= |UB@2) — |@2)|1%.
From Stone’s theorem [§8], the unitarily implemented, one parameter group Up(A) is generated
by a densely defined Hermitian Hp. The eigenvalues of Up are exp(iuA) with p € R, an
eigenvalue of Hg. The bound states ¢o are in the null space of Hp.

The eigenfunctions of Up group into eigenspaces, subspaces generated by eigenfunctions
with the same eigenvalue. These eigenspaces include sets of plane waves, generalized functions
with point support on pairs of momenta pi, p2 € R, such that

Hp(p1,p2) = p.

A function .
t2(p1, P2) = 0(Hp(P1,P2) — 1)Yu2(P1, P2) (23)

is an eigenfunction of Up from (19) with eigenvalue exp(—iu). If 42(p1, p2) is such an eigen-
function, then le(pl + p2)u2(p1, p2) is also an eigenfunction with eigenvalue exp(—iuA). The
commutation of Up with functions and (23) provide that ﬁl(pl + p2)u2(p1, p2) is an eigen-
function: the delta function determines the eigenvalue. Then, u2(p1, p2) is a solution to (22)
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with minimal volume spatial support within a family of functions f~2(p1, p2) in (13): ag is the
description of a bound state without a contribution to spreading from a description of the
center-of-momentum hq # 1. iLl(p) = 1 exhibits the minimal spatial spread of the support of
fg since the spatial support of f, is a convolution of the supports of A1 and uo. This description
of bound state persists over time \: the characterization (23) applies for any .

The functions (23) with p = 0 are studied in section 3.2 to select functions of localized
spacetime support.

3.2 The spatial support of u,

To satisfy B.2, the inverse Fourier transform of the functions s in (23) must be perceived as
localized. There are several characterizations of the support of functions in relativistic quantum
physics [10, 11, 16]. Here, the inverse Fourier transform ug of g is used to characterize the
spatial support of the state described by 2. The support of po given usg is

1‘1,1‘2 =27 H < .’L']() A/ —Aj + )\0_2 — i5/($j0)> UQ(Xl,XQ)

from (1) and (4) with A; the Laplacian for x; € R3. /—A + A\;? is an anti-local operator [19]
and as a consequence, (2 is only essentially localized even if the support of uy were strictly
local [10]. The spatial support of ug is characterized by the dominant support over xi,xa of
the inverse Fourier transform of (23).

zpl X1 elpz X2 ~
2(x1,X2) /d @ 6(Hp(P1,P2)) Yu2(P1, P2) (24)

with a 77;%2 of our choice.

To characterize the support of us, the effort now focuses on estimation of the rate of decline
of (24) for large ||x;||.

The zeros of Hp are required to evaluate (24). From the definition (20) for the generator
of Up and the evaluation (17) of E,

Hp =wi+wr—wy(p1+p2)—F
= \/A22 +p2+ \/Ac‘2 + 03— W;z + P34 P+ 2p1p2cos dra + Ayt — 2A7

(25)

with
P1 - P2 := p1p2 COS 12,

the Euclidean norms of the momentum vectors p; from (11), and ¢12 is the angular separation
of the momentum vectors p; and pe. Hp is a function over rotational invariants pi, po and
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p1 - P2 The continuous Hp monotonically decreases with increasing cos ¢12 if p1p2 # 0. The
maximum of Hp occurs at p1-p2 = —p1p2 and the minimum occurs at p1-ps = p1p2. Designate
these extrema

Hypoz :\/)\52+p%+\/)\c_2+p%—\/)\;2+(P1—p2)2+)\;1—2)\gl (26)

Hpin = \/Az2 + p? + \/A;2 + p2 — \/Ab—? +(p1+p2)2+ N1 =227 L

If Hpae > 0 and 0 > H,p;,, the monotonically decreasing, continuous Hp has a single zero for
some pipa cos ¢12 from the intermediate value theorem. Otherwise, the points (p)s € RS that
result in both Hpaz, Hpmin > 0 or both Hypegy Hypin < 0 are excluded from the summation (24)
characterizing the support of ug: the delta function is zero at those (p)a.

From (25) and with the designation

A=A +pd+ 0 =201

values of ps that set Hp = 0 are solutions to

A+ \/Agz +p% = \/)\b—? + p? + p3 + 2p1p2 COS Pra.

Squaring the equal quantities and reorganization results in

240/ A%+ p3 = N\, 2 + pi 4 2p1p2 cos pia — A2 — T2

Squaring again results in a quadratic polynomial in ps. As a consequence, there are at most
two nonnegative real values ps that set Hp = 0. Designate the two solutions to the quadratic
polynomial

Pot := por(p1,P12)  £=1,2. (27)
Define
1 if pye is real, poy > 0 and Hp(p1,p2) = 0 at p1, por, P12
Gor(p1, f12) = { 0 othgrwise. ’ ( : ’ (28)

This a,¢ includes none, one, or two nonnegative real p, for each pi,¢12 in the summation
(24). Only (p)2 that result in real, nonnegative p,e that set Hg = 0 for the given pi, ¢12 are
included. The included points are demarcated by Heaviside functions 0( H 45 )0(— Hpin ). Given
p1, p2, there is exactly one cos ¢15 that sets Hg = 0 if Hyqp, > 0 and 0 > H,,p, and no zero
otherwise but an H,,q; > 0 and 0 > H,,;, test is not adequate to eliminate roots introduced
by squaring: additional roots are introduced by squaring but these roots apply for distinct ¢qo.
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The eigenvalue setting delta function determines whether a (p)2 is included in the summation
(24) and determines the up to two pj, ¢12-specific values for ps that set Hg = 0.

6(Hp(p1,P2)) Zaoe p1; $12) (‘ —Pot)

3[’2
with
OHp _ P2 p2Hp1cosgrr (29)
dp2 w2 wy(P1 + P2)
from (20). The angular separation ¢12 of momentum vectors p; and ps has
cos 19 = cos 1 cos B2 sin ¢q sin g9 + sin By sin Oo sin ¢ sin ¢o + cos @1 cos ¢a
= cos(f; — 02) sin ¢; sin P + cos @1 cos @2 (30)
sin? ¢12 = sin?(6; — 02) sin? ¢y sin? g — 2 cos(fy — O2) sin ¢ sin ¢o cos By cos Bo
+sin? ¢ cos? ¢g + cos? ¢y sin? ¢
and sin ¢12 > 0 in the spherical coordinates
pj cos B sin ¢;
p; = Pj sin 9]' sin gf)j . (31)

pj COS ¢j

These coordinates are discussed further below (44) in appendix 4.1. Substitution for §(Hp)
results in

1P1°X1 piP2 X2 -
ug(x1,X2) :/d(p)2 % Zaoe p1, d12) O(p2 = pot) Yu2(P1,P2)- (32)

L

The region included in the summation (32), the points pi, pe with Hy,ep > 0 and 0 > H i,
is explored in appendix 4.2 and this region includes points p1, pa:

1. with both py, p2 > A ! sufficiently large
2. with py = pa #0

3. conditionally, for small p1, ps < )\b_l, dependent on the masses m, m; and the magnitudes
of the momenta p1, p2

4. conditionally for p; # po with the magnitude of one momentum very small with respect
to the other.
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General properties of the function f&u,Q (x1,x2) are used to demonstrate that there are bound
states within the constructed Hilbert spaces Hp. An absolutely Lebesgue summable function
[17] satisfying constraints to eliminate singularities from determination of the eigenspace suffices
to imply a bound state. Functions

~ OHp OH
¢u,2(p1,P2)=< BB

Op1 Op2

) Yo.2(P1, P2) (33)

with 1/30,2 € L(RY), pointwise bounded in amplitude and continuous, suffice to characterize
bound states. The mollifier functions 0Hp/0p; are summable and bounded by constants. For
spherically symmetric bound states, 1/;072(p1, p2) depends only on rotational invariants ||p1]|,
lp2|| and p; - p2. Also, anticipate that the description of bound states are transpositionally
symmetric in this boson instance,

Yu2(P1,P2) = Yu2(P2, P1)- (34)

The mollifier factors in (33) are bounded in absolute value by a constant and therefore do not
affect the absolute summability of ¢, 2(p1, p2). From (29),

‘ OHp P2 p2 + p1cos P12
Op2 | — |we wp(p1 + P2)
<14 2/02-;-/71(308(2512
<14 p2 + p1.cOS P12
v/ (p2 + p1 cos ¢12)2
<2

from monotonicity, Va2 + b2 > V2 + b2 if a > c.
Substitution of the mollified function (33) into (32), and a change in summation variables
to spherical coordinates (31) results in

iP1-X1 €Zp2 X2

ug(x1,X2) = /d(P)Q ‘ <Zao£ p1, ¢12) 0(p2 —Poz))

X aai)[f Sgn(aailf ) o,2(P1, P2)

00 2w 2 s 2
= [ ko [ don [ siwodon [ db [ singndon <Zao£(01,¢12)
0 0 0 0 0 =

eipl T1 COS P1 eipogrz cos ¢2 SH o 5
X Pog (277)3 apf sgn apf)¢o,2(P17P2)

P2=Pot
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for the description of the internals of a bound state. The sign function is sgn(x) := z/|z| = £1.
The selection of z-axes aligned with x; and x5 results in

Pj ' Xj = p;jrjcos §;

with r; = [|x;]|.

The Riemann-Lebesgue lemma provides that Fourier transforms of Lebesgue summable
functions decline to zero for large ||x1]|, ||x2||. The rate of decay is governed by the differen-
tiablity of the transformed function. The condition (23) that restricts the summation (32) to
one eigenspace introduces discontinuities. Localized support is demonstrated by characterizing
the rate of decay of (36) with r;.

Isolating consideration on the ¢; summation in (36), with

Fy(p1, 01,02, 62) i—/ sin gydey €17 SN (py1, 61, ¢y, 02, P2) (37)
0
and
2
. 8HB 8HB 7

I 76 ) 79 9 = elpog’l’Q COS¢2 GO ) pog sgn o ’

o(p1, 601, P1, 02, P2) ¢(p1, d12) 2r)® op 12 (8p2 ) Yo,2(P1, P2) .
then

2 00 2T 27 T
ug(X1,X2) = Z/o p%dm/O d91/0 d92/0 sin podea Fy(p1, 01,02, d2).
=1

I, is a piecewise continuous, bounded £! function over ¢, given pi, 01, 02, ¢o. The 79 dependence
of Iy, Fy is suppressed in this notation. Substitution of the summation variable s = cos¢q,

sin¢; = V1 — s2, results in

1
r1Fu(p1,61,02,02) = 7"1/ ds €175 ],
1

i 1 861'/)17’15
=—— ds
P1J -1 Os

Iy
The ¢; dependence of Iy is cos ¢; and sin ¢; in ¢12 from (30). The p; - p2 from Hp in (20) and
derivatives (29), and in rotationally invariant 1,9 from (33) vary with cos ¢12. Labeling the

limits of the summation and the discontinuities by aj results in

et Hetr1m1s

N
1
r1Eu(p1,01,02,¢2) = —— / ds I,
( ) plg 5 o
A1

1 N Gt . ol
= Ze“)”lslg _/ ds eiPir1s
Pr\ko Ok 0s

ag
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with a1 = —1, ayyg = 1 and ag < agp. The second line results from integration by parts.
Upper bounding the amplitude of the sum by the sum of amplitudes results in

A1 I
+/ as |2

s |24
. Os

N A1

1
1 Fy(p1, 01,02, ¢2)| < o (Z\Iz!
ay

k=1

This upper bound is independent of both r1 and ry. The pl_1 times the p% from the Jacobian
to spherical coordinates leaves the summable p;.

Concerns are whether I, has summable divergences that become unsummable with differenti-
ation. This is not the case. The function I, is bounded, continuous and piecewise differentiable.
Discontinuities occur in aqe(p1, ¢12) from (28) and in sgn(0Hp/0p2) from (29). poe from (27),
0Hp/0p; from (29) and our choice of 1;072(p1, p2) are once differentiable as summable functions
over s from the chain rule.

dv1 — s2 s s

ds :\/1—52_\/(1—8)(1%—8).

The roots pye of the quadratic polynomial vary continuously with the coefficients [9] and the
coefficients are differentiable. Diverging roots® p,s are controlled by the rapid decline of ’([Jog.
Exclusion of complex roots and roots introduced by squaring is implemented by a¢(p1, P12)-
The function 0I;/0s is an absolutely summable function of ¢; and its summation produces a
L' function over p1,01,02, P2

Second or higher derivatives of e?’171* with the discontinuous I, result in derivatives of delta
functions [6, 14] that restore factors of 7 and consequently do not result in demonstrations of
a faster rate of decline with 7.

Substitution of (38) into (37), upper bounding rjus(x1, x2) with absolute values and absolute
summability provides that

7’1’U2(X1,X2)| S A.

Transpositional symmetry provides a similar decline with ps.

|ug(x1,x2)| < min (A, A) . (39)
71,12 Ty T2
The bound (39) suffices to demonstrate that the dominant support of ua(x1,x2) from (24)
lies within finite spheres centered on the bound state. For many functions @Zu,g(pl,pg), the
likelihood per unit volume for an observation of location decreases with expanding distance
r1, 72 from the center of support.

2With the quadratic polynomial designated ap? + bpz + ¢ = 0, a divergent root occurs for a — 0.



3 BOUND STATES 16

The spatial support of us characterizes the likelihoods of location measurements. From
Born’s rule, likelihoods follow from the scalar product (9),

(02| Py xo02)]?
<802|902>

[(12]2)]?
(p2lpa) (1212)

with Py, x, the projection operator onto states with support limited to x1,x2,

Likelihood =

e P11 X1 p—1P2:X2

G2(p1,p2) = )

and fa := ip. In (1), f2, G define @o, 1)s. This likelihood is a limit from a sequence of elements
in Hp approaching the eigenfunction of location with eigenvalues x1,x2. Eigenstates of loca-
tion are idealized and not elements of the £2, Fock, nor Hp Hilbert spaces used in quantum
mechanics.

The free field VEV contribution to this likelihood is evaluated using (12),

. d Y N
FWQ,Q(UJQ p2) = /éi;g Bwiwg P11 eP2X24 (py, p2)

for argument transposition symmetric functions, and the connected VEV contribution is from

(10>7

/ A~ A
;) P1W3Wa

d :
Waa(ih5pa) = 04/ )2 cin P3df3dgsy

IP1°X1 5IP2 X257 (e T
e'P1°X1p1P2 QU2(p3’p4)

(2m)3 2w
o sl anl 34 d(p)g p/lffjg(fu 1P1°X1 51P2 X277 (Do B
= c4 [ sin ¢3dOsdey 2r? 2 e e tz(P3, Pa) | -
1

Then, Laplacians A; operating on ug provide the free field VEV contribution to the likelihood
of location. From appendix 4.1, the constrained momenta p3, p4 are the spatial components of
rotations, boosts and energy-momentum rescales followed by the inverse boosts and rotations.

p; =R B C(BRp;)

for rotations R, pure boosts B and the energy-momentum rescaling C(p) determined by p1, p2,
appendix 4.1. Up to a rotation, the constrained momenta are determined by the boost and
rescale,

Rp; = B~'C(BRp;),
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and then if @9 is a function solely of the rotational invariants ||p1||, |p2|| and p;1 - pe,

ﬂ2(1337 134) ~ €L2(p1, p2)7

in nonrelativistic instances, those with B &~ 1. Except for relativistic distortion, finite summa-
tions operated upon by Laplacians of an approximation with rotationally invariant weightings
p/w} within the summations appear in the connected VEV contribution to the likelihood of
location. And, although the individual rotational invariants ||p1]|, |[|p2| and p1 - p2 distort in
relativistic instances, conservation of energy-momentum, p; 4+ pa = p3 + p4, provides that their
sum is relativistically invariant,

|p3 + f>4||2 = [|p1 + p2||2 = ||P1H2 + HP2||2 +2p1 - p2.

Then, the support of us characterizes the likelihood of location.

3.3 Approximation of u, within Hp

In this section it is demonstrated that the description of a bound state from section 3 is not an
element of the Hilbert space Hp, but is arbitrarily well approximated by elements. This satisfies
B.3. The functions @a(p1,p2) from (1), (13) and (23) have infinite norm, but like momentum
and location eigenfunctions, are arbitrarily well approximated by elements of Hp.

The free field contribution to the scalar product is the Lebesgue summation (12),

FYy (g ga) = / d(p)2 4wy T (p1, p2) (@a(p1, D2) + (D2, P1)) o

= /d(P)2 8wiws [P 2(p1, P2)|? 2 (Hp(p1, P2))-

from the transpositional symmetry of Hp in (20) and ¢, in (34). Then, if the four-point
VEV includes this free field contribution, the norm ||@s|| diverges: 6%(z) is divergent. In this
evaluation hy = 1, but introduction of another description hy for the center-of-momentum that
is a multiplier of test functions does not affect this argument. The functions @2(p1, p2) that
describe bound states are not elements of Hp. This result is similar to that the eigenfunctions
of momentum and location are not elements of the Hilbert spaces for the relativistic quan-
tum physics constructions [10], for relativistic free fields [3], nor for the £2 Hilbert spaces of
nonrelativistic quantum mechanics. And, like the location and momentum eigenfunctions, the
functions @a(p1, p2) are arbitrarily well approximated by Hilbert space elements. For illustra-
tion, functions (23) with a delta sequence of Gaussian functions substituted for §(Hp(p1, p2)
are elements of Hp.
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The connected VEV contribution to the scalar product is the Lebesgue summation (10),
P304
2w
P304
2w]

x6(Hp(p1,p2) 0(Hp(P3,P4)

U2(p1, P2)U2(P3; Pa)

“Wanlps ) =ca / d(p)2 sin ¢5d0Ldd)

_ / d(p)s sin ¢,d0dd, Dua(prp2)buz(Psp) (4D

with iy = 1, and the summations over P4 and p3 determined by energy-momentum conservation
for the four on-mass shell Lorentz vectors p;, j = 1,2, 3,4. The energy-momentum conservation-
constrained momentum components p; from (51) in appendix 4.1 are functions over py, p2 and
0, 6. 4 = [[P}]| and w] = w(p}) with

Py = Apr.
A is a (p1+p2)-dependent Lorentz transformation provided in (46) and (47) of appendix 4.1.

From momentum conservation,

(Ps + P1)* = (p1 + p2)°

and the conservation of energy,
w1 4 wo = w3 + Wy,

The evaluation (20) of Hp provides

Hp(p1,p2) =wi+ws — \/)\;2 +(P1+p2)2+ A =221

= W3+ Wy — \/)\1)_24‘(1534-}34)24‘)\1,_1—2)\;1
= Hp(pP3, P4).

As a consequence, there is a factor of §2(Hp(p1, p2) in the evaluation of the connected VEV
contribution to the scalar product and this contribution to the norm diverges similarly to the
free field VEV contribution.

3.4 Properties of relativistic bound states

In this section it is demonstrated that bound states are orthogonal to all plane wave states
except those with zero momenta. As a consequence, the likelihood of producing a bound state
in a scattering event vanishes unless the VEV include connected functions of the same order as
the VEV.
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Two classically described particles cannot scatter into a bound state without additional
products to carry away excess energy. This result applies to the relativistic quantum description
of bound states. Below, the demonstration includes that (qi,qz|p2) = 0: the two-argument
bound states are orthogonal to plane wave states of the elementary particles unless q; = q2 = 0.

The existence of bound states did not require any special properties of the VEV, but the
demonstration below illustrates that bound states do not result from collisions of the free
elementary particles unless the constructed VEV include connected contributions.

From (9) and for a state description o that is an eigenfunction of two momenta, the
scattering amplitude for two incoming (near) plane wave states described by qi, q2 transitioning
to an outgoing state that consists solely of a bound state described by s is

Scattering amplitude = (¢9|p2)
with
92(P1,P2) = 6(P1 — q1)d(P2 — Q2),

fg := hydy from (13) and w2 is from (23). In (1), fg,f]g define @9, 1;2. This amplitude is a limit
of a sequence of elements in Hp approaching the eigenfunction of momenta with eigenvalues
q1,q2. Momentum eigenfunctions are idealizations and not elements of the Hilbert spaces £2,
Fock space, nor Hp used in quantum mechanics. The free field contribution to this scalar
product is (12),

FWa o (4 ) = / d(p)a 8wrws 8(p1 — a1)3(P2 — q2) fa(p1. p2)
= 8w(q1)w(qe) fa(ai, qo)

for argument transposition symmetric functions, and the connected VEV contribution to the
scalar product is (10),

. AARA = .
Wao(s p2) = 04/d(p)2 sin ¢y dfsdgl 0125/ : d(p1 —q1)d(p2 — a2) f2(Ps3, Pa)
1

: lq} lwsws
= rdohdoh ——————
C4/ Sln¢3 3 ¢3 2w(q’1)

The primed and hatted momentum variables p;- and p; are described in appendix 4.1 as linear
combinations

fo(D3, Pa)-

p'=Ap
and momentum magnitude adjusted vectors with A defined from q; + qo.

In the single, scalar field instance, an automorphism of P implements Poincaré transforma-
tions.

(a,A)p = (@0, ... on(A Y (z1 —a),... A (2, — a)),...)



3 BOUND STATES 20

with A a proper orthochronous Lorentz transformation and a a Lorentz vector translation. The
automorphism is

(a,A\)p := (o, - . .exp(i(p1 +p2... + pn)a)Gn(A "y, A7), . )

in the Fourier transform domain. The descriptions of states are Poincaré covariant
p2 = (a, A)p2

and the scalar product (9) is Poincaré invariant.

<¢2\902> - <(CL, A)d}Q’(av A)QO?)'

The Poincaré invariance of amplitudes provides that the amplitude can be evaluated in the
center-of-momentum frame for qp, q2 without loss of generality. In this frame, the rest frame
of q1 + ¢2,

q+a2=0

and from the description of bound states (23), the functions fo include a factor
6(Hp(p1,P2))

that is zero for both Fng(lp’z“ 2) and CW2,2(¢§ ©2) unless q; = q2 = 0. This result fol-
lows from inspection of Hp in the center-of-momentum frame. From conservation of energy-
momentum, p; + p2 = P3 + P4 and then

q1 +q2 =p3+psg=0.

In the evaluation of ' Wa o (105 ¢2) or CW272(¢§ ©2), the definition (20) of Hp and the evaluation
(17) of E provides that if q; + g2 = 0 then

Hp :w1+w2—wb(q1+qz)—E
=\/Ac‘2+p%+\/A;2+p%—2A;1
>0

in the center-of-momentum frame. Hp is strictly greater than zero unless p; = ps = 0.
p1, p2 designates ||qi]|, [lqz| in the instance of ¥“Wa (15 2) and ||ps||,||p4] in the instance
of CW272(¢§ ©2). As a consequence, the bound states are orthogonal to the plane wave descrip-
tions of free elementary particles,

(Y2]p2) := (a1, qz|p2) = 0
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for all nonzero qi,q2. The orthogonality applies for any time since the time translates of the
momentum eigenfunctions are equal up to a phase.

U\ |ar, q2) = e @192 qp | o)

from (8).

The discussion of bound states within the two-argument subspace did not assume any prop-
erties of the VEV. However, with (qi, q2|¢2) = 0, if the free field VEV were all that appeared in
the development, then no collision could ever produce a bound state. For example, if a CW3,3
were excluded, then the cluster decomposition of the VEV displays the scalar product composed
of only lower order VEV. These all vanish for incoming states described as plane waves with
outgoing states consisting of plane waves and bound states. With three incoming elementary
particles transitioning to a bound state plus one free elementary particle, the description of a
two-argument bound state equates

U(Nh1(p1 + p2) 42(p1, P2)01(Ps3)
_ (efin(lerPZ))\ill(pl +p2>> (e 1B iy(p1, p2)) (e~ 5y (p3))

with 01 a description of an asymptotically free elementary particle. In these higher order VEV
instances, the development of us is the same as in section 3.1. However, with the additional
arguments, conservation of energy-momentum no longer implies the equality of subsets of mo-
menta,

0=ai +qz # P3 + P

As a consequence, amplitudes such as

(q1, 92, 93|92, d4)

do not generally vanish if a connected function CW373 contributes. If the VEV are free field
VEV, then momenta are equal in pairs and there are no transitions from plane wave states to
bound states in scattering amplitudes.?

Bound states are created from collisions of free elementary particles if higher order connected
functions contribute. Existence of bound state did not require knowledge of the VEV, but the
likelihood of creating a bound state is zero without connected contributions to VEV.

PTn the general construction of relativistic quantum mechanics, the elementary particles are produced or
annihilated in pairs: only even order VEV appear [10]. However, with the scalar representation of the Poincaré
group, odd order VEV may appear [11].
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4 Appendices

4.1 Energy conservation

The connected VEV (5) include both energy-momentum conservation and on-mass shell Dirac
delta functions. The summations in the scalar product (9) are constrained to manifolds within
(p)4 € R within the support of

4
S(p1+p2—ps—pa) [ 005 -
=1

Within this manifold, the energy and momenta of four on-mass shell m Lorentz vectors p; add
to zero. The joint support of the VEV (5) and functions (1) from P provides that each energy
of a state describing functions is on a positive energy mass m shell, p;jo = w; from (2).

P4 =pP1+DP2—P3

satisfies the momentum conservation constraint. Satisfaction of the remaining energy support
condition is considered a constraint on ps. This constraint is evaluated in this appendix.
Evaluation of the generalized function that implements energy conservation leaves a Lebesgue
summation for the scalar product (9) in the two-argument subspace of Hp.

The scalar product within the two-argument subspace (9) derives from the VEV (5) for
functions 19, 9o € P(R®) from (1). The connected component of the scalar product (t2]ps2)
from (9) exhibits interaction and equals

4
Waa (05 02) = 04/d(p)4 S(p1+p2—p3—pa) [ [6(pjo — wj) Ga(p2, 1) fa(ps,pa)
7j=1

with the Lorentz invariants d(p) and

5(}7]0 )

3P = A 0(pjo) = =5 —
J

After evaluation of the mass shell and momentum conservation delta functions, the argument
of the energy conservation delta function is

w1 twr—w3—wy = w(p1)+w(p2) —w(ps) —w(P1+P2—P3) (42)

using (2). (42) is zero if p3 = p; or pg, the forward scatter cases. More generally, (42) is zero
if p3, is constrained within a pq, pe-dependent manifold.
A change of summation variables,
p; = Apj (43)
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for j = 1,2, 3,4, is selected to transform to the center-of-momentum frame for each pi, ps. The
transformation is a proper (det(A)=1), orthochronous (Agy > 0) Lorentz transformation

A :=BR

consisting of a rotation R and a boost B. To evaluate A, designate the center-of-momentum
for each p1, ps

w1 + w2
. | pcosfsing
=ptp = psinfsin ¢ (44)
p COS ¢
in polar coordinates with the momentum q := (¢z, ¢y, ¢-),
p:= llall = llp1 + p2fl,
and
[02 1 o2
gz +4q
cos ¢ :q—z, sin ¢ L
p p
cosf = qix, sinf = (45)
V& + 4 VGt
cos fsin ¢ :qi, sin 6 sin ¢ ]
p p

with quadrants selected for 6, ¢ to correspond with the signs of ¢;,qy,q.. 6 € {0,27} is the
anticlockwise angle of q from the z-axis in the z-y plane, and ¢ € {0, 7} is the angle of q from
the z-axis in the plane containing q and the z-axis. Then, the rotation R aligns the momentum
q with the primed z-axis,

w1 + wo 1 0 0 0 w1 + we

0 _ 10 sin 6 —cosf 0 pcos B sin ¢

0 =Ra:= 0 cosfcos¢p sinfcos¢p —sing psin 6 sin ¢ (46)

P 0 cosfsing sinfsing cos¢ p COS ¢

and the boost B is along the rotated z-axis and zeros the momentum.
2w Aw(B) 0 0 —=Ap w1 + ws

0 0 10 0 0
I s 0 01 =0 0 (47)
0 “AB 0 0 Aw(B) p
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with w(5) determined similarly to (2),
A\ 2
=X+ =211+ (=
w(f) +BE=A 1+ (mc> :

_ACB (wl + w?) + /\CW<5):0 =0.

and

Then,

p
Af = . (48)

’ V(w1 +wg)? — p?
[ is nonnegative and real since wy + wz > p for finite m with p = ||p1 + p2||. A¢ is the reduced
Compton’s wavelength (3). In this primed, center-of-momentum frame, wj = w). Both the
rotation R and boost B are determined by q = p; + p2 and (2). This transformation can

alternatively be parameterized
-1
02
- 1— =
w(/B) ( 62 ) 9

relating velocity v to the momentum . Rotations are orthogonal transformations and the
inverse of the rotation is R~! = R”. The inverse of the boost is B evaluated with the negative
momentum, 8 +— —f.

Satisfaction of momentum conservation is evident in the primed, center-of-momentum frame
of reference. In this frame and for each particular u, p), = —p} and then momentum conser-
vation provides that pj = —pj. With this change to summation variables (43), the connected
contribution to the scalar product (9) becomes

1
“Waa (15 ©2) —C4/d )4 6(p1+py—p3—P}) H5 pjo — wj)
X Ga (A~ ph, A1 pY) fa (A1, A 1))

4
= C4/d(p/)4 5(2&)’1—20.23 p3+p4 H bjo — wj

Q

XGa (A7 ph, A71ph) fa(A™1ph, A™1pl))

noting the Lorentz invariance of §(p) = d(Ap) from |det(A)| = 1. The energy conservation delta
function is
(5 — ph)
6(2uwh —2uh) = =32
(B = 2) = o)
dp’s

(49)

!
1
=5 5(p3 — p1)
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[6] from py = py with p} := ||p}|| and w} == w(p}).
If the primed, unconstrained
ws
Pl cos 05 sin ¢

Py = ph sin 04 sin ¢f and ) = Jps
Pl cos ¢
then the primed, constrained
wy
/ [ /
B | gt | amd a0, (50)
o cos
with the spatial reflection 9 defined
1 0 0 O Wi
I, = 0 -1 0 0 B = —p’} cos Glg s‘in gb/g
0 0 -1 O —p') sin 05 sin ¢
0 0 0 -1 —pl cos PV

The polar angles 05, ¢4 are in the primed coordinate frame.
Now, evaluation of the momentum conservation delta function, and substitution of the
simplified energy conservation delta function and the constrained p4 provides that

(J)
“Waa(s pa) = C4/d( )adplyodply A% p)? pl H5 pjo — wj)

ng(A 1p27A ! )fQ(A p37A Lp )

QY are the polar angle coordinates of pj, dpj = p32dp3d§23 with dQf := sin ¢4dfsd¢h. Note
that this summation would diverge in fewer than 2 + 1 dimensions for finite m [10, 13].
From the Lorentz invariance of 6(p? — m?)0(po),

d(pjo — wj) _ 5(1’;’0 - W})
2wj 2w9

with Lorentz transformation. In the center-of-momentum frame, &f = &) = W/, evaluation of

the ps3p, pao delta functions result in
W34 — =

/ 2
* 3 =
CWan (45 2) = 4 / A(p')2 dY ) 1 r_[ pio — ) DA G

374

~ 2
— / d(pl)s 2 pl“““‘* Ha pio — wj) G2(A7ph, A1) (A1, A 0h).
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Note that w; for j = 3, 4 designates w(p;) using (2) determined from the momentum components
of the unprimed, constrained values of the momentum components of

ps:=ATlp,  and  pyi= AT (51)

and (50). @} designates w(p);). From (43), p| are the spatial components of Ap; and p} = [|pi].
Finally, return to the original summation variables pi, ps produces

(talio) —c4/d ac, ”1 S (b2, p1) faPss ),
1

an explicit Lebesgue summation for the scalar product (9). Note that each energy-momentum
is on a mass m shell, p;jo = w; from (2), and (51) for j = 3,4.

Both B and R are determined by u from (44), u = p1 + p2, and from w; and wy. p) and W}
are determined from p) using (43) and p;.

— Apl —A D1z

ps and pj = Uph are determined from pf, 05 and ¢4 in (50), and ps3, ps are determined in (51).
The Lorentz vector
Py + Py = (201,0,0,0)"
is time-like, and
3 — Py = (0,2p3)
is space-like. Proper orthochronous transformation A~! of time-like vectors remain time-like,
and the transformation of space-like vectors remain space-like. These vectors are also orthogonal

in the Minkowski dot product, evident above and since both p3 and p4 are rest mass m Lorentz
energy-momentum vectors,

(P3 + Pa) (D3 — Pa) = P3 — 3 = m* —m? = 0.
The Lorentz vector
P3+ps = AP+ )
=R 'B71(2w],0,0,0)"
= 2\ R (w(B),0,0,8)T

w(p)
[ cos O sin ¢
[ sin 0 sin ¢
B cos o

= 2w
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independently of 23, in the same direction as u, with magnitude adjusted to conserve energy
with on-mass m shell energy-momenta, and with momentum magnitude 5. The polar angles
0, ¢ are determined by p;+p2 in (44). From conservation of energy-momentum, p;+ps = p3+p4
and then

1P3 + Pall = [Ip1 + P2l = p = 2Xfuwy,

a succinct relationship of w}, p and 8. Then (48) provides relationships of the prime and
unprimed frame quantities

2w] = /(w1 +wa)? —p?
2p/1 = \/(wl +WQ)2 — ,02 — 4)\c_2-

Also,

p3—ps = ANTN(py — )
= R™'B71(0,2p5)"
= 2p R ( A cos ¢y, cos 05 sin ¢, sin 04 sin ¢, Acw(B) cos @) T
A cos ¢
, | sin6 cos 65 sin ¢ + cos 0 cos ¢ sin 04 sin ¢ + Acw(B) cos O sin ¢ cos ¢l
TP cos 0 cos 0 sin ¢ + sin 0 cos ¢ sin 0 sin ¢ + Aow(3) sin Osin ¢ cos ¢
— sin ¢ sin 04 sin ¢ + Acw(/5) cos ¢ cos ¢y

The primed and original variables are linearly related by (43), p;. = Ap;.

4.2 The supported region

The support included in the Fourier transform (24) includes the p1, p2 € R® with Hg(p1, p2) =
0. Hp is from (20). This region include momenta p1, p2 with magnitudes p1, p2 (11) such that
Hppor > 0 and 0 > Hppn. Hpaw and Hpyyy, are evaluated in (26). The continuous, monotonic
Hyow > Hp(p1,p2) > Hpin and then there is a p; - p2 with Hg = 0. In this appendix, this
region within RS is characterized using estimates for the functions w; from (2) and w,(p) from
(15).

Insight into the region included in the summation (24) follows from small and large momen-
tum Taylor series approximations to the energies from (2) and (15). For p? < A2,

A
A 4p? R A+ P

and for p? > \; 2,
)\—2
A+ p? = Ipl + o
‘ 2||p|l
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Three cases are examined: both momenta large with respect to A\; ! (relativistic); both momenta
small with respect to A, ! (nonrelativistic); and one momenta very small with respect to the
second momenta that is large with respect A; 1.

If the magnitude squared of both momenta are relativistic, magnitudes squared are large
with respect to A;2, and if (p; — p2)? is large with respect to )\b_z, then (26) and the Taylor
series approximation provide that

A2 A7 A 1 1
Hopaw =~ Lo 4 le g —pol =0 4 X 2as
mazx p1+ p2 + 201 + 20 ‘)01 P2| 2|P1 — p2’ + b c
P PO Y

=2min(p1, p2) + |1 — —2b— x4—<z—c — C)Al

(b1, 2) ( 2lp1 —pa| | 7P 201 2p2) "¢
AT A 1 1
Hopin =~ Ty A B WS ) b
min p1+p2 + 201 + 20 P1 — P2 2001 + p2) + A c

)\*1 -1 -1
2(p1 + p2) 2p1 2p2

H 0 > 0 for sufficiently large p1, po. Similarly, H,,;, < 0 unless
_ _ -2
>‘c ? + )‘c § _ >‘b

0<227 -2t .
¢ b 2p1  2p2  2(p1+p2)

This never applies for sufficiently large p1, p2 and then H,,;, < 0.
The instances with (p1 — p2)? < )\;2 and relativistic p1, po > A1 result in

Hopaw = \/)\JQ—FP%‘F \/>‘52+p%_2)‘c_1 - %(pl _P2)2 >0
always satisfied for sufficiently large p1, po. The bounds on H,,;, do not require (p;—p2)? < /\b_2
and the previous estimate for relativistic p1, p2 applies.
Then, for both p1, ps sufficiently large, Hqr > 0 and 0 > Hpip, -
If the magnitude squared of both momenta are sufficiently nonrelativistic, the magnitudes
squared are small with respect to both A\>2 and )\b_Q, then

Hpar  ~ 200+ (07 +08) = A" = (o1 —p2)? + 2,1 =201
=31+ 08) = 31— p2)?

Humin 2 2071+ 3 (07 +03) = A" = F (o1 +p2)° + 457 = 227
= %(p} + p3) — 2 (p1 + p2)?
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or, reorganizing,
Ae — /\b
2

(p? + p3) < Avprpo.

H,, .. is positive if
A Ap
5ot +p3) > T (1 = p2)”
2 2
or, reorganizing,
Ae — Ny
2

Then, the points p1, p2 are included in the summation (24) if

(PT + p3) > —Xop1p2.

Ae — A
51P2 S < c b < 2,01P2 .
P+ Py 27 p1+ Py

If this condition is violated, then H,,q; < 0 or Hpy > 0.

In summary, for sufficiently small p1, p2, Hmez > 0 and 0 > H,,y, are conditional, dependent
on the mass my of the bound state relative to the elementary mass m and the magnitudes of
the momenta pi, po. For sufficiently small pi, po, there are points pi, p2 excluded from the
summation (24). For sufficiently small p1, p2 and p; = p2, the condition becomes

0< e <2

always satisfied due to the requirement for a bound state that /\b_1 < 2)\; !, appendix 4.4. But,
if po = 0, the condition becomes
Ae = Ap.

Instances with p; = 0 or py = 0 are singular cases excluded by the lack of support of the
summation (36) on zero momenta. But, by continuity, these simple instances provide insight.
For py =0 o0r po =0,

Hyyop = Hyin = Hp

and there is no zero of Hp unless every point with p; = 0 or po = 0 is a zero. If p; = 0, then

Hmax:Hmin: \/)\52+p§*)\c_1*\/)\52+pg+)\gl

from (2), (15) and (26). Then, the monotonic increase of wy — A;! and wy(p2) — A, ' with
increasing reciprocal wavelengths provides that both H,,q, and H,,;, are negative for my, < m.
Both H,,.; and H,,;, are positive for my > m. If my = m, both H,,,; and H,,;, are zero for
either p;1 =0 or py = 0.
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For the magnitude squared of one momenta very small with respect to the other, taking
p1 > p2, Taylor series expansion results in

Hax \/A +p1+\/>\ +p5 — \/A + p} +\/%+A— -t

Huin = A7+ 02 A2+ 03— /07 02— %Hb— _oxl
b

P1

and then H,,, > 0 for a sufficienly large product pips. 0 > Hpn is also conditional and
requires that

\/A;2 + 2+ \/A;2 2 \//\;2 Fpr N o < 7’”;2 .
A+ ot
But again, for sufficiently large p1, p2, the leading order in the Taylor series expansions is
—1 -1
Ay < 2A;

that is necessarily satisfied and the next terms in the Taylor series are negligible if p1, p2 are
sufficiently large p1, p2.

Another insight into the support of the summation in (32) is for equal magnitude momenta,
p1 = pa. These cases include po = —p; of interest for the classical correspondence in the center
of momentum frame. In these instances,

Hpawr =20/ A2 + 02 — 201
Hupin =247+ p3 =207 =20 /3N, 2+ p2 + N, L
and these points are always included in the summation in (32). Hyee > 0 follows from

va? +b? > a for non-zero, positive real numbers, and 0 > H,,;, follows from H,,;, = 0 at
p1 = 0 and the derivative of the continuous H,;, with respect to p1,

_ 2p1 B 2p
P I
is strictly negative for p; > 0. The negativity of the derivative follows from the monotonicity

of /a2 + p? in both a and p, and that A\, ' < 2A71.

4.3 Zeros of H,,;, and H,,,.

It is established in appendix 4.2 that there are values p1, p2 that result in Hy, = 0 or Hypgy = 0.
At these p1, p2, the continuous functions H i, or H,,, transition from negative to positive
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values. The values of p1, po at the zeros of Hu, or Hiye, form a curve that demarcates the
support of the summation (32). In this appendix, these zeros are evaluated.
From (26), Hpin = 0 is equivalent to

VAR A2 18 = N (o) - 0 20!

\/A52+W+\/A52+% = /A 2+ u? = A+ 20

with the substitutions

u = p1+p2
vo=p1— p2

Squaring,

2 )2 2
ax 2 el L) +2\/ A2 (g ) (PO (V 23 2*“2“1)

2 2
2,V U S 2_42)2
2A62+5+3+2\/Ac4+5 (u240v2)+ e =

with
0<A=20" =)\t <2xh.

Reorganizing and squaring again results in a linear equation for v?.

2 2 2
-4 A uw2—2)2 [ [y _9 2 _ U v
2\/)\0 +T(U2+’U2)+% —( )\b +U2+A) 72)‘627?75
2 ,2)2 2 2 2 2
AN+ 2052 (12 + 02) + (“4“) - ((\/Aﬁ Fu? 4 A) o2 % - ’;)
4 2,2 2 2 2
—4 Cog 0 oy, W 2utvt -2 2 _oy2_ %
AN+ 22072 (u? + %) + 1 <<,/>\b +u +A> 2\, 2)
2 uz
- ((, A7+ u? + A) —2X\;% — 2) v2.
The linear equation for v? that sets H,,;, = 0 results from collecting like powers of v.
2
{(\/A;2+u2+A> +u2}v2
2 u? 2 ud
- ((« [N+ u?+ A) —2\;%2 - 2) — ANt 20 %P — T
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Then, there are two solutions, designated v = fv,(u), to Hypin, = 0. The roots of interest
have p; > 0 and py > 0. If u > v,(u),

p1 = 5(uto(u))

pa = 3(uF vo(u))

NI— NI

are the zeros of H,p,.
(52) results in values for v? that are less than, equal, or exceed u? as A, is varied with

respect to A.. With
2
B:= <,/Ab—2 + u? +A> ,

the value of )\, that results in v? = u? is verified from (52).

S B? — (4\;? +u?)B
B+ u?

or
B? — (40?2 +u?)B — vu*(B +u?)

0=
B + u?

From B + u? > 0, u? = v? if
0= B%— (42 +2u*)B — u'.

Substitution for B and A results in

2
B = <m+2A21—A;1> 22)\;2+u2ﬂ:\/(2)\c_2+u2)2+u4.

Only the plus sign provides B > 0, and \;! = )\;1 results in the identity

2
<\/m+ A;l) =227 +u + 2/\,;1\/m. (53)

Then (53) and inspection of (52) result in

u? > v? if A2 <N <202
u? = v? if A2 =02
u? < v? if 0< N 2< A2

The zeros of H,, follow if u? > v%. u? = v? is a singular point with either p1 =0or p2 =0.

In this instance, mp = m and for this single, scalar field case of present interest, the bound



4 APPENDICES 33

state is indiscernible from an elementary particle. This point is excluded by a lack of support
of the summation (36) on zero momenta. If u? < v?, then either p; < 0 or py < 0 and this is
equivalent to an exchange of H.;, with Hy,.. That is, the zero corresponds to changing the
sign of the dot product p; - p2, or taking — cos ¢12 = cos(m — ¢12) with p1, p2 > 0. These values
of p1, p2 are zeros of H,gy with Hy, < 0. Indeed, from (26) and with substitution of u,v for
01, P2, Hmaez = 0 is equivalent to

2 _ 2
\/Ac2+(uzv)+\/&2+(u4”):\/Ab2+v2—xb1+2Agl

that exchanges u and v in the development of the zeros of H,,;, above. Finally, the zeros
evaluated in (52) are zeros of

Hoin, i AJ2 <02 <202

Hpaw if 0< A2 <AJ2

4.4 Relativistic bound-state kinematics

In the single, finite mass elementary particle instance of present interest, a bound state com-
posed of N elementary particles is described by a center-of-momentum that behaves like a free
particle with a rest mass less than Nm, with a localized description for the internal degrees of
freedom. From the cluster decomposition property of VEV [10], the bound states and elemen-
tary particles have correspondences with classical bodies when the support of the descriptions
of the bound states or elementary particles are distantly space-like separated from the support
of other bodies. Without describing likelihoods nor the dynamics of state descriptions, the
rest masses of bound states are described by the classical correspondences from the results of
collisions of elementary particles with the bound states.

If the initial state is described by one freely propagating bound state described by its
center-of-momentum and one elementary particle, and the final state is described by some
greater number of elementary particles, then collision instances can be selected to evaluate
the rest mass of the bound state. With the bound state described by a rest mass my, in the
center-of-momentum reference frame for the collision, the initial energy-momenta are

(w1, p1) and (\/ A, 2 + Pl —p1)

with Ay = i/ (myc), the reduced Compton wavelength (3) for my, and wy from (2). The selected
final state has N + 1 elementary particles that eventually escape to large space-like separations
with no excess energy. Then, the final energy-momenta are

(N +1)(A\;1,0,0,0).
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Conservation of energy provides the rest mass of a bound state of N elementary particles. Inter-
preting the bound state as consisting of IV of the single type of neutral, finite mass elementary
particles, conservation of energy provides that

VA 2Pl o= (N + DA

1
oy \ 2
my = ((N+1)2m2+m2—2(N+1)m1> .

or

Cc

Then
0<my < Nm

and the binding energy is designated as the rest mass energy difference of the N free particles
and the bound complex. The greater the required w; > m, the more deeply bound are the N
elementary particles. This scattering event exhibits no particle creations or annihilations.
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